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On the Model Containing Coupled Subsystems
Valentin N. Tkhai, Ivan N. Barabanov
Abstract: The model containing coupled subsystems (MCCS), which decouples into independent subsystems as the coupling vanishes, is considered. The subsystems of the MCCS are
described by autonomous systems of ordinary differential equations. Each subsystem is supposed to admit a single parameter family of periodic motions. The general characteristics of
the MCCS are presented. Some problems concerning the MCCS are stated, i.e. the problems
of oscillations existence, bifurcations, stability, stabilization, and resonance. The classification
of MCCS is proposed, the currently investigated classes of MCCS are announced. One class of
MCCS is studied in detail, the corresponding results are presented.

1

Introduction

In this paper we study the model containing coupled subsystems. This model is described
by a system of ordinary differential equations (ODE), where subsystems are autonomous
ODEs. The coupling is characterized by a numeric parameter ε , which can be either scalar
or vector. The subsystems become independent as ε = 0. If ε is vector then the MCCS can
be of hierarchical structure, where subsystems are coupled on various levels. In the general
case subsystems are either linear or nonlinear, of arbitrary order, and of various nature. The
N-planet problem serves as an example of the MCCS with single-leveled subsystems. The
following are some more examples of the MCCS: multi-link pendulum, chain of spring
oscillators, Sun-planets-satellites system (a system of two levels), translationally and rotationally moving space vehicles, in particular, artificial Earth satellites, robot systems with
cross-coupling, model of DNA oscillations, coupled neurons, wind turbine (electromechanical system), mechatronic systems, etc.

2

The Model containing Coupled Subsystems (MCCS)

The concept of MCCS emerged as a result of the formalization of applied problems with
mathematical models given by ODEs. This concept can also be implied for systems with
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distributed parameters (for example, for the problem of induction heating), as well as for
discrete-time problems. Earlier subsystems were studied separately, whereas the concept
of MCCS allows to take into account the coupling subsystems. The models of subsystems
appear to be self-sufficient, hence, the coupling of subsystems, on the one hand, must be
weak. However, when the interactions between the subsystems are modeled by forces, the
forces can be large enough in the general case (example: mathematical pendulum with
oscillating pivot).
The concept of MCCS was introduced in [1]. Among the characteristic features of the
MCCS there are: multi-level hierarchical structure, various modes of functioning, nonlinearity, high order. MCCS also can be classified as large-scale system. We can consider
either autonomous or non-autonomous MCCS.
Concerning MCCS, it is obvious that a) MCCS actually exist, regardless of the way we
choose to study them; b) we need to classify MCCS with respect to their structure; c) coupling in MCCS must be considered according to the 3rd Newton’s law, i.e. action is equal
to reaction; d) MCCS naturally decouples into independent subsystems as the coupling
vanishes.
The natural approach to study the dynamics. The structure of the MCCS makes us
to imply an approach, which can be called natural. This approach assumes the following:
classification of subsystems according to their dynamical properties; analysis of typical
links of subsystems.
Unlike previous approaches of decoupling proposed by Matrosov [2–4], Zubov [5],
Merkin [6], Pyatnitskiy [7], Siljak [8], Chernousko et al. [9], the current approach essentially takes into account the structure of MCCS, and considers coupling according the principle “action is equal to reaction”.
Oscillations, Bifurcations, Stability, Stabilization, Resonance. Basing on the natural approach let us give the general statement of the problems of oscillations, bifurcations,
stability, stabilization, and resonance: find conditions for oscillations to exist, describe bifurcation scenarios of oscillations, find stability conditions for oscillations in MCCS, find
stabilization conditions in terms of coupling controls, analyze resonance effects in MCCS.
This approach implies the analysis of the structure of MCCS, which results in some problem
statements depending on subsystem dynamics. Previously obtained results for subsystems
contribute to the problem of MCCS.
Classes of MCCS. We study single-frequency oscillations, i.e. periodic solutions.
Since subsystems are autonomous, we have isochronous single-frequency oscillations in
the linear model, while in the nonlinear model in the non-degenerate case there is an alternative: either a cycle or a family of periodic solutions with the period depending on a single
parameter [10] is realized (i.e. the law [11–13] holds).
Now some results are obtained for the following classes of MCCS: autonomous MCCS
in the case of family [10] (A); periodic MCCS in the case of family [1] (B); autonomous
MCCS in the case of cycle [14] (C); periodic MCCS in the case of cycle [14] (D). MCCS
described by reversible mechanical systems [15] (subclasses AA , AB ) are also investigated.
Some results are published, others are in print.
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The following definition is used to classify modes of MCCS in the case of family. Consider an autonomous subsystem, where the period is the function of the numerical parameter
T (h).
Definition 1. The point of the family of oscillations is called ordinary (o-point) if dT /dh ̸=
0 at this point, otherwise the point is called critical (c-point). A critical point can degenerate
into an equilibrium (e-point).
We will call o-mode, c-mode, and e-mode the modes of oscillations in subsystems if
they correspond to o-point, c-point, and e-point, respectively.
For a single-leveled MCCS there are qualitatively different combinations of modes:
o − o,

o − c,

o − o − e,

o − e,
o − e − e,

c − c,

c − e,

c − c − e,

e − e,

o − o − c,

o − c − c,

c − e − e.

Although there are many combinations, only two or three of them will be of importance.
This is due to the law [11–13]. According to this law, the o-point is a rule for a family.
Hence, we need to study the combinations containing o-points first. Let us call the mode
containg only o-points the main oscillations mode of MCCS.
We consider below MCCS of classes A and AB in the main oscillations mode.

3 MCCS of class A
Consider a smooth single-leveled MCCS with m subsystems:
ẋs = X s (xs ) + ε X̃ s (ε , x1 , . . . , xm ),

xs ∈ Rms ,

s = 1, . . . , m,

Σms = n.

(1)

Each s-th subsystem (s = 1, 2, . . . , m) is supposed to admit the family of periodic motions:
xs = φ s (hs ,t + γs ),
(2)
the period Ts depending on hs . The variables γs in (2) represent the shift along the trajectory
of the autonomous system. Then the generating system (i.e. (1) at ε = 0) admit a family
of conditionally periodic solutions with m frequencies. Suppose that there are 2π −periodic
solutions among them. Now we are to find if (1) admits a periodic motion at sufficiently
small ε ̸= 0 such that this periodic solution tends to the 2π -periodic solution of the generating system as ε → 0.
Denote h∗ = (h∗1 , . . . , h∗m ) the vector of parameters that corresponds to the 2π -periodic
solution of the generating system. So we need to find a vector h∗ such that the perturbations
satisfy the conditions of existence of periodic solution at ε ̸= 0.
Suppose that dTs (h∗s ) ̸= 0, s = 1, . . . , m, and the non-degenerate case [10] is realized for
the periodic solution. Then subsystems have only o-points, such that the MCCS is functioning in the main oscillations mode. Periodic motions of the generating MCCS constitute
the family Σ, where the period depends on a single parameter, according to law [11–13].
We will later omit parameters γs in order to focus on finding the vector h∗ .
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Denote
x(ε , x0 ,t) = (x1 (ε , x0 ,t), . . . , xm (ε , x0 ,t))

(3)

the solution of (1) with the initial point x0 (at t = 0). Calculate the partial derivative of (3)
with respect to ε at ε = 0 in the case when the solution of (3) coincides with that of (2).
This derivative is the solution of the following linear system with zero initial conditions:
) ms
( s)
(
∂xj
d ∂ xks
= ∑ psk j (h∗s ,t)
+ X̃ks (0, φ 1 (h∗1 ,t), . . . , φ m (h∗m ,t))),
dt ∂ ε
∂
ε
j=1
(
)
(4)
∂ Xks
s
∗
pk j (hs ,t) =
, s = 1, . . . , m, k = 1, . . . , ms ,
∂ xsj
∗

where the symbol ∗ by the parentheses means that (2) with h = h∗ is substituted into the
partial derivatives.
The homogeneous part of (4) decouples into m subsystems, each containing its own
parameter h∗s and admitting a single Ts (h∗s )-periodic solution, where Ts (h∗s ) = 2π . The
corresponding conjugated system decouples into m subsystems too. Denote {ψks (h∗s ,t)}
2π -periodic solutions of the conjugated system.
Now we can write conditions for 2π -periodic solutions of (4) to exist in the form
g(h∗ ) = 0,

(5)

where g(h) = {g1 (h), . . . , gm (h)},
g (h) ≡
s

∫ 2π ms
0

∑ X̃k (0, φ 1 (h1 ,t), . . . , φ m (hm ,t))ψks (hs ,t)dt,

s = 1, . . . , m.

k=1

We call (5) the system of amplitude equations.
On the one hand, (5) gives necessary conditions for 2π -periodic solutions of (1). On
the other hand, (5) represents a system of m algebraic equations with respect to h∗1 , . . . , h∗m .
If (5) is consistent for a given h∗ , then the necessary conditions for (1) to have a periodic
solution are satisfied. Moreover, (5) turns out to be sufficient in the case of simple roots.
Consider the concept of cycles:
Definition 2. An isolated periodic solution of an autonomous system is called cycle.
Theorem 1. Each simple root of amplitude equations (5) implies a unique cycle of (1).
Remark 1. Under conditions of Theorem 1 the family of periodic solutions Σ bifurcates
such that cycles emerge.
To prove Theorem 1 [10] we use the implicit function theorem, which is applied to find
necessary and sufficient conditions of a periodic solution. Since subsystems have o-points,
the system of m equations that represents conditions of periodic solution coinsides with
amplitude equations (5).
The following theorem is used to calculate the Lyapunov exponents (LE) of a cycle in
MCCS: [10]
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Theorem 2. Given conditions of Theorem 1, the cycle has m simple zero LEs, m nonzero
LEs of the form λ = αε + o(ε ), α ̸= 0, where numbers α are defined by the algebraic
equation
∂ gs (h∗ )
(6)
− 2παδs j = 0,
det
∂hj
and nonzero LEs inherited from the generating solution.

4

Conclusion

MCCS allows to take into account connections of systems. Among the characteristic features of MCCS there are: multi-level hierarchical structure, various modes of functioning,
nonlinear models, high order. MCCS can also be classified as large-scale system. A natural
approach to study MCCS proposed in [1] takes into account its structure and the dynamics
of subsystems, and considers the connections between subsystems as “action is equal to
reaction”.
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