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Irregularity Measures of Graph
E. Milovanovié, E. Glogi¢, I. Milovanovi¢, M. Cvjetkovié¢

Abstract: Let G = (V,E), V = {1,2,...,n}, be a simple graph without isolated vertices, with
vertex degree sequence dy > dy > --- > d, >0, d; = d(i). A graph G is regular if and only
ifdi =dy =--- =d,. A graph invariant I(G) is measure of irregularity of graph G with the
property /(G) =0 if and only if G is regular, and I(G) > 0 otherwise. In this paper we introduce
some new irregularity measures.
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1 Introduction and preliminaries

Let G=(V,E),V ={1,2,...,n}, E={ej,ea,...,en} ,be a simple graph without isolated
vertices. Denote by d; = d(i), i = 1,2,...,n vertex degree and by d(e;), i = 1,2,...,m
an edge degree, whereby for each edge e = {i, j} € E holds d(e) = d; +d; — 2. Without
affecting the generality we can assume that dy > d, > --- > d, > 0 and d(e;) > d(ez) >

-->d(em) > 0. By i ~ j we denote an edge connecting vertices i and j, and by e; ~ e; that
edges ¢; and e; are adjacent.

In the text that follows we shall list some previously defined degree-based graph invari-
ants needed for our work. For the details of degree-based topological indices one can refer
to [17, 18, 25, 37, 38].

The first and the second Zagreb indices, M; and M5, are, respectively, defined as [20]

M (G) = M, :Zn:d?, and  M(G =Y da,.
i=1

lN]

Reformulated first and second Zagreb indices, EM| and EM,, are defined as [29, 41]

EM;(G) = EM, = Zd ei)? and  EM)(G)=EM, =) d(e)d
e~f
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Modified first and second Zagreb indices, "M and "M,, are, respectively, defined by
[33, 41]
1
did;

le

no1
W} (G) = W] = Z E and Wz(G) = Wz
=11

Finally, reformulated-modified first and second Zagreb indices, "EM;| and "EM,, are
defined as [28]

and WEMz(G) = ”EMQ = Z

EM(G) ; L a(@d(f)

Each graph G = (V,E) has a corresponding line graph . = Z(G) that is defined by
the set of vertices E, wherein two vertices from set E are adjacent in graph . if and only
if the corresponding edges are adjacent in the underlying graph G. If G has n vertices and
m edges, the corresponding line graph has m vertices and %(M | —2m) edges, whereby

Zn:di =2m  and Y d(e)=M;—2m.

i=1 i=1

Some well known properties of the above mentioned graph invariants are

EM(G) = M(£(G)),  EMy(G) =M (Z(G))
"EM\(G) = "M\(Z(G)),  "EMi(G) = "M(Z(G))

”General Randi¢ index”, or connectivity index [17, 25] is defined as

Ro(G) =Ra =} (did))®,

i~j

where « is a real number. It is not difficult to see that for « = —1, a = 0 and o = 1, the
following is obtained R ="M, =}.;; ﬁ (what is called general Randi¢ index, without
idj

quotes) [5, 6], Ry =m and R| = Mz, respectively. We are interested in the case when
a= —% and o0 = % For o = —5 ordlnary Randi¢ index is obtained [34], whereas for

o= % the reciprocal Randié 1ndex is obtained [14, 26], i.e.

1
R_ ]2 —1/2 = and R1/2 R]z— \/dd
/ / ZNZ]\/didj / INZJ

In [26] graph invariant A was introduced and defined as

1

"AG)="A= Y o

-
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A corresponding edge-invariant "EA is of the form
m
1
"EA(G)="EA=) ——.

In the text that follows we mention some results from spectral graph theory needed for
our work.
Let A be the adjacency matrix of graph G. Eigenvalues of A, ; > A,--- > A,, are
ordinary eigenvalues of graph G. Some well known properties of graph eigenvalues are [4]:
n n
Y =0 and Zki2:2m.
i=1 i=1
Denote by D = diag{d;,d>,...,d,} a diagonal matrix, where d;, i = 1,2, ..., n are vertex
degrees of G. Then L = D — A is the Laplacian matrix of the G. Eigenvalues of L, y; >
Uy >--- > W,—1 > U, =0 are Laplacian eigenvalues of the graph G. Well known properties
of these eigenvalues are [7]

n—1 n n—1 n n
Yu=Yd=2m and Y p?=Yd?+Y di=M +2m.
i=1 i=1 i=1 i=1 i=1

Because it is assumed that graph G has no isolated vertices, the matrix D is nonsingular
and therefore matrix D~'/2 exits. L* = D~'/2LD~'/2 =1—D~'/2AD /2 is called nor-
malized Laplacian matrix of the graph G. Eigenvalues of L*, py > p» > --- > p, =0, are
normalized Laplacian eigenvalues of graph G. Well known properties of these eigenvalues
are [44]

n—1 n—1
Zp,-:n and pr:n—i-ZR_].
i=1 i=1

A graph G is regular if and only if d| = dp = - -- = d,,, otherwise it is irregular. A graph
invariant /(G) is measure of irregularity of graph G with the property /(G) = 0 if and only
if G is regular, and I(G) > 0 otherwise.With LIrr(G) we will denote irregularity measure of
the line graph .Z(G) of the underlying graph G. Note that if graph G is regular than .Z(G)
is regular as well, but the reverse is not necessarily valid.

At the end of this introductory section we recall Chebyshev inequality (see [30, 31],
given in the following theorem, which is necessary for our work.

Theorem 1 Let py,ps,...,p, be positive real numbers and ay,ay,...,a, and by,b;, ... b,
real sequences of the same monotonicity. Then

n n n n
Y pi) piaibi > Y pia; Y pibi. (1)
=1 i=1 i=1 i=1

Equality holds if and only ifa) =a, = --- =a, orby =by = --- = b,,.
Ifay,as,...,a, and by,ba, ..., b, are real sequences of opposite monotonicity than the
opposite inequality holds in (1).
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2 Some old and some new irregularity measures

In this section we mention some known and introduce some new irregularity measures.

Albertson [2] introduce the irregularity measure, nowadays called Albertson measure,
as

Irra(G) Y. |di — dj]
i~j

Let us note that Fath-Tabar [13] called this irregularity measure the third Zagreb index.

Inspired by the measure Irr4(G) Abdo et all [1] introduced irregularity measure referred
to as total irregularity, defined as

Irr (G Z |di —dj].
IJGV

In accordance with [19] we will call this measure Abdo-Brandt-Dimitrov irregularity mea-
sure.
n [15] Goldberg noticed that the simplest irregularity measure is

d(G) =d, —d,.

We will call this measure as Golberg irregularity measure, and in accordance with [19]

consider it in the form J
1

Irr,(G) = — — 1.
rrg(G) d,

Nikiforov [32] introduced irregularity measure referred to as degree deviatioan defined as

Y-

S(G) =
i=1 n

We will call this measure Nikiforov irregularity measure and denote it by Irry(G).
Bell [3] considered the variance of vertex degrees as irregularity measure

VAR(G) = . Z (d - 2’”) : )

n: i—1 n
It is not difficult to see that irregularity measures S(G) and VAR(G) are special case of

the following graph invariant
ml? 1/p
, p>1.

d_i
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In [11] Edwards considered the quantity

nM 1
4m?’
where Cy is non negative real number. Edwards proved that Cy, = 0 if and only if G is a
regular graph. This means that the following inequality holds

1+C, = 3)

4m?
M > - 4)

Equality holds if and only if G is a regular graph. More about (4) one can refer to [9, 16,
23, 27, 36, 42]. Based on (4) in [19] a measure called Edwards irregularity measure was

defined as
[ nM,
IrrE(G): m—l (5)

1 & 2m\ 2 nM, — 4m?

Let us note that since

i=1
irregularity measure defined by (2) is not different from the one defined by (5). The same
applies to irregularity measure proposed in [21] which is defined as
4 2
IRM{(G) = M; — .
n

Note, also, that inequality (4) can be obtained from (1) for p; =1, a; = b; =d;, i =
1,2,...,n.

Forn:=mand m := %(M | —2m) from inequality (4) the following is obtained
(M] — 2m)2

EM, > — (6)

with equality holding if and only if .Z(G) is a regular graph. The inequality (6) was proved
in [10, 23]. Let us note that inequality (6) can be obtained from (1) for n :=m, p; =1,
a; = bi = d(e,-), i= 1,2,...,7’[.

According to (4) and (6) the following is valid
4m(2m —n)?
EM > ———

n

with equality holding if and only if G is a regular graph. Based on this inequality we can
define a new irregularity measure

Irrl(G)_\/sziAg)Z_l’ (2m # n).
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In [10] De proved the following inequality
(=1 <2 < (= 1)

with equality holding if and only if G is a regular graph. According to the above inequalities
we can define two new irregularity measures of De type:

EM,

I G)=4/l——— dy>2

erl( ) \/ 4m(d1—1)27 1= 4

and
EM,
1 G =|——F=5-—-1 d, > 2.
I”I”DZ( ) \/4m(d,,—1)2 ) n —
Ili¢ and Stevanovié [23] (see also [43]) proved the following inequality
4m3
M, > a7 (7

with equality holding if and only if G is a regular graph. Based on this, a new irregularity
measure, Ili¢c-Stevanovi¢ measure, can be defined as

n’M
Irris(G) = 1/ Wﬁ —1 (8)

In [21] the following irregularity measure was proposed

4 3
IRM>(G) = My — 2.

2
n
In fact it is nod different from the one defined by (8).
Based on the inequality (7), Ili¢ and Zhou [24] (see also [10]) proved the following

(My —2m)?

EM, > 5
m

)
with equality holding if and only if .Z(G) is a regular graph. By (4) and (9) the following
is valid
4m(2m — n)?
EM, > =222
n
with equality holding if and only if G is a regular graph. Based on the above we can define
a new irregularity measure

3SEM.
Irrz(G)—\/4mnz—1, 2m # n.

(2m—n)3
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Hao [22] proved the following

I’l3

"My > o) (10)

with equality holding if and only if G is a regular graph.
Let us note that inequality (10) can be obtained from (1). Namely, for p; =d;, a; =d; =

L i=1,2,...,nfrom (2) we have

ji’
1 2

n
T2 (11)
l

N

Il
—

For p;=d;,a; =d; = i, i=1,2,...,ninequality (1) becomes
2
"M, > ! i ! (12)
' Hdi)

From (11) and (12) we obtain (10). Now, having in mind (10) we can define Hao irregularity
measure by the following invariant

4m2 ™M,
= n3 _—

Irrg(G) 1.

Let us note that from inequality (10) directly follows
3

mEM >m7
LMy —2m)?

My #2m (13)

with equality holding if and only if .Z’(G) is a regular graph.
The inequality (11) can be rewritten as

n2
"A > — (14)
2m
with equality holding if and only if G is a regular graph. According to (14) we can define a
new irregularity measure
2m"A
Irr3(G) = —— — 1.
rr3(G) 3
Also, note that from (14) directly follows
" "
A> ——— M, #2 15
= T 17 2m (15)

with equality holding if and only if .Z’(G) is a regular graph.
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Collatz and Sinogowitz [8] have proved that
A > —
n

with equality holding if and only if G is a regular graph. Using this inequality in [19] the
Collatz—Sinogowitz irregularity measure was defined via

A
Il"l’cs(G) == % —1.

In the text that follows we mention some irregularity measures defined in terms of
”general Randié index”

Elphick and Wocjan [12] considered the edge-variant of Edwards’ measure. Based on
that in [19] Elphick-Wocjan irregularity measure was defined via

/ﬂRl 2
II"I‘Ew(G): 2mé —1.

Shi [35] proved that for graphs without isolated vertices the followig inequalities are
valid

Ry > gdf‘d;”‘, ac[-1,0] (16)
and .
n
Ry < Ed#rza’ o e <—°°7—2] ’ (17)

with equality holding if and only if G is a regular graph.
For a = —% from (17) 2R_; ;, < n is obtained (see [14, 25]). Closely related with this
inequality is the irregularity measure for connected graphs proposed in [19] defined as

2R_
Irrg(G) =1— oz
n
Similarly, for @ = —% and according to (16) the following irregularity measure can be
constructed
4d,
Irry(G) =/ =—R_1p — 1.
}"I’4( ) I’lzdn 1/2

Also, for & = —1 based on (16) and (17) the following Shi measures can be defined
2d1R_1

II”I”SRl = —1

and
2an -1

n

II’FSRZ =1-
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Now we mention some irregularity measures for line graphs that can be directly derived
from the aforementioned inequalities. Thus, based on (6), (9), (13) and (15) the following
irregularity measures for line-graphs can be derived

mEM
Llrrl(G): m—l, M17§2m,
2m2EM
LIer(G): m—l, M]?é2m,
M —2m)*"EM
LIrrg(G):( ! ’"2 Loy,
m
and
M, —2m)™EA
Lirry(G) = M1=2m)"EA
m
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