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Make Unification on α-admissible Mappings and Related Fixed
Point Theorems

A. H. Ansari, S. Chandok

Abstract: In this paper, we introduced the concepts pair (F ,h) a upclass of type II and αβ -
contractive mappings and show that theorems in [4]reduce to corollaries in this paper. that is,
all them can obtain of one theorem. in end we state example for support main result.
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1 Introduction and mathematical preliminaries

Fixed point theory has gained very large impetus due its wide range of applications in
various fields such as engineering, economics, computer science, and many others. It is well
known that the contractive-type conditions are very indispensable in the study of fixed point
theory and Banach’s fixed point theorem [1] for contraction mappings is one of the pivotal
result in analysis. This theorem that has been extended and generalized by various authors
(see, e.g., [4]-[9]) and has many applications in mathematics and other related disciplines
as well.

In an attempt to generalize the Banach contraction principle, many researchers extended
the following result in certain directions.

Theorem 1 (see, [6, 7, 8]) Let (X ,d) be a complete metric space and T : X → X be a
mapping. Assume that there exists a function β : [0,∞)→ [0,1] such that, for any bounded
sequence {tn} of positive reals, β (tn)→ 1 implies tn → 0 and d(T x,Ty)≤ β (d(x,y))d(x,y)
for all x,y ∈ X. Then T has a unique fixed point.

In this paper, we introduced the concepts pair (F ,h) a upper class of type II and αβ -
contractive mappings to show that theorems in [4] reduce to corollaries in this paper. That
is, all them can obtain of main theorem. in end we state example for support main result.
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To start with we give some notations and introduce some definitions which will be used
in the sequel.

In 2014 the concept of pair (F ,h) is an upper class was introduced by A. H. Ansari in
[2] that then reform definition(part words ) it in [3]

Definition 1 [2],[3]We say that the function h : R+×R+×R+ → R is a function of sub-
class of type II, if x,y ≥ 1 =⇒ h(1,1,z)≤ h(x,y,z) for all z ∈ R+.

Example 1 [2],[3]Define h : R+×R+×R+ → R by:

(a) h(x,y,z) = (z+ l)xy, l > 1;

(b) h(x,y,z) = (xy+ l)z, l > 1;

(c) h(x,y,z) = z;

(d) h(x,y,z) = xmynzp,m,n, p ∈ N;

(e) h(x,y,z) = xm+xnyp+yq

3 zk,m,n, p,q,k ∈ N

for all x,y,z ∈ R+. Then h is a function of subclass of type II.

Definition 2 [2],[3]Let h : R+×R+×R+ → R and F : R+×R+ → R, then we say that
the pair (F ,h) is an upper class of type II, if h is a subclass of type II and: (i) 0 ≤ s ≤
1 =⇒ F (s, t)≤ F (1, t), (ii) h(1,1,z)≤ F (s, t) =⇒ z ≤ st for all s, t,z ∈ R+.

Example 2 [2],[3]Define h : R+×R+×R+ → R and F : R+×R+ → R by:

(a) h(x,y,z) = (z+ l)xy, l > 1,F{(fs, t) = st + l;

(b) h(x,y,z) = (xy+ l)z, l > 1,F (s, t) = (1+ l)st;

(c) h(x,y,z) = z,F(s, t) = st;

(d) h(x,y,z) = xmynzp,m,n, p ∈ N,F (s, t) = spt p

(e) h(x,y,z) = xm+xnyp+yq

3 zk,m,n, p,q,k ∈ N,F (s, t) = sktk

for all x,y,z,s, t ∈ R+. Then the pair (F ,h) is an upper class of type II.

Definition 3 Let (X ,d) be a metric space and T : X → X, a nonempty subset F of X is
valled invariant under the T if T x ∈ F for every x ∈ F.

Definition 4 Let T : X → X and α : F ×F → R+. We say that T is an αF -admissible
mapping if α(x, y)≥ 1 implies α(T x, Ty)≥ 1, x, y ∈ F.
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Note: A mapping T is called an α-admissible mapping (see [9]) if we take F = X in
Definition 4.

Definition 5 A function ψ : [0,∞) → [0,∞) is called altering distance function if the fol-
lowing properties are satisfied:

1. ψ is continuous and non-decreasing;

2. ψ−1({0}) = 0.

We denote by Ψ the set of all altering distance functions.

Lemma 1 [10] Suppose (X ,d) is a metric space. Let {xn} be a sequence in X such that
d(xn,xn+1)→ 0 as n → ∞. If {xn} is not a Cauchy sequence then there exist an ε > 0 and
sequences of positive integers {m(k)} and {n(k)} with

m(k)> n(k)> k such that d(xm(k),xn(k))≥ ε , d(xm(k)−1,xn(k))< ε and
(i) limk→∞ d(xm(k)−1,xn(k)+1) = ε ;
(ii) limk→∞ d(xm(k),xn(k)) = ε;
(iii).limk→∞ d(xm(k)−1,xn(k)) = ε
Note that also we have that limk→∞ d(xm(k)+1,xn(k)+1) = ε ;

2 Main Results

Definition 6 Let (X ,d) be a metric space, F a nonempty subset of X, T : X → X and
α : F × F → R+. A mapping T is said to be αβ -contractive mapping if there exists a
β : [0,∞) → [0, 1] such that for any bounded sequence {tn} of positive reals, β (tn) → 1
implies tn → 0, such that for all x,y ∈ F, following condition holds:

h(α (x,T x) ,α (y,Ty) ,ψd(T x,Ty))≤ F (β (d(x,y)),ψd(x,y)), (1)

Where pair (F ,h) is a upclass of type II and ψ ∈ Ψ.

Theorem 2 Let (X ,d) be a complete metric space, F a nonempty closed subset of X, T :
X → X is an αF -admissible mapping and F is invariant under T . Further assume that T is
an αβ -contractive mapping. Suppose that there exists x0 ∈ F such that α(x0,T x0)≥ 1 and
either of the following conditions hold:
(a) T is continuous, or
(b) if {xn} is a sequence in F such that xn → x, α(xn,xn+1)≥ 1, for all n, then α(x,T x)≥ 1.

Then T has a fixed point.
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Proof Letx0 ∈Fsuch that α(x0,T x0)≥ 1.Now,we construct a sequence {xn} in F byxn=T xn−1,
for n≥1, such that α(xn,xn+1)=α(xn,T xn)≥ 1. Substituting x = xn−1 and y = xn in (1 )
, we obtain

h(1,1,ψ (d (xn,xn+1))) ≤ h(α (xn−1,xn) ,α (xn,xn+1) ,ψ (d (xn,xn+1)))

≤ F (β (d(xn−1,xn)),ψ(d(xn−1,xn)))

which implies that

ψ (d (xn,xn+1)) ≤ β (d(xn−1,xn))ψ(d(xn−1,xn)) (2)

≤ ψ(d(xn−1,xn)).

As ψ ∈ Ψ,
d (xn,xn+1)≤ d(xn−1,xn), (3)

for every n ∈ N, the sequence{d (xn,xn+1)} is decreasing so that for the nonnegative de-
creasing sequence {d (xn,xn+1)}, there exists some r ≥ 0, such that

lim
n→∞

d (xn,xn+1) = r. (4)

Further from (2), it implies that

ψ (d (xn,xn+1))

ψ(d(xn−1,xn))
≤ β (d(xn−1,xn))≤ 1.

On letting n → ∞ in above inequality, we have limn→∞ β (d(xn−1,xn)) = 1, and this implies
that

lim
n→∞

d (xn,xn+1) = 0. (5)

Now, we will show that {xn} is a Cauchy sequence. Suppose, to the contrary, that {xn}
is not a Cauchy sequence.

By lemma 1there exists δ >0 for which we can find subsequences {xnk}and {xmk} of
{xn}with nk> mk>ksuch that

lim
k→∞

d(xnk ,xmk) = lim
k→∞

d(xnk−1,xmk−1) = δ (6)

Settingx = xmk−1 andy = xnk−1 in (1), we obtain

h(1,1,ψ (d(xnk ,xmk))) ≤ h(α (xmk−1,xmk) ,α (xnk−1,xnk) ,ψ (d(xnk ,xmk)))

≤ F (β (d (xmk−1,xnk−1)) ,ψ (d (xmk−1,xnk−1)))

≤ β (d (xmk−1,xnk−1))ψ (d (xmk−1,xnk−1)) , (7)
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which implies that

ψ (d(xnk ,xmk))

ψ (d (xmk−1,xnk−1))
≤ β (d (xmk−1,xnk−1))≤ 1. (8)

Letting k → ∞ and using (8) and (6), we obtain

lim
k→∞

d(xnk−1,xmk−1) = 0 ≤ δ , (9)

which is a contradiction.
This shows that {xn} is a Cauchy sequence and hence is convergent in the complete set

F . Hencexn → z ∈ Fas n → ∞.
First, we suppose that T is continuous. Therefore, we have

z = lim
n→∞

x
n+1

= lim
n→∞

T x n =T lim
n→∞

x n=T z.

Next, we suppose that condition (b) holds. Therefore, α(z,T z) ≥ 1. Now, by (1), we
have

h(1,1,ψ (d (T z,xn+1))) ≤ h(α (z,T z) ,α (xn,T xn) ,ψ (d (T z,xn+1)))

≤ F (β (d (z,xn)) ,ψ (d (z,xn)))

≤ β (d (z,xn))ψ (d (z,xn)) , (10)

which implies that
ψ (d (T z,xn+1))≤ β (d (z,xn))ψ (d (z,xn)) .

On taking n → ∞ and using the properties of ψ and β , we have d(T z,z) = 0, that is, z = T z.

�

3 Some consequences of the main result

If h(x,y,z)=(z+ l)xy, l > 1, F (x,y) = xy+ l, ψ (t)= t, and F = X , in Theorem 2, we
have Theorem 4 of [4].

Corollary 1 Let (X ,d) be a complete metric space and T : X → X be an α-admissible
mapping. Assume that there exists a function β : [0,∞)→ [0,1) such that, for any bounded
sequence {tn} of positive real , β (tn)→ 1 implies tn → 0, such that

(d(T x,Ty)+l)α(x,T x)α(y,Ty) = β (d (x,y))d (x,y)+ l

for all x, y ∈ X .Suppose that either
(a) T is continuous, or
(b) if {xn} is a sequence in X such that xn → x, α(xn,xn+1)≥ 1 for all n, then α(x,T x) = 1
If there exists x0 ∈ X such that α(x0,T x0)≥ 1, then T has a fixed point.
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If h(x,y,z)=(xy+ l)z, l >1, F (x,y) = (1+m)xy, m=1, ψ (t)= t, and F = X , in The-
orem 2, we have Theorem 6 of [4].

Corollary 2 Let (X ,d) be a complete metric space and T : X → X be an α-admissible
mapping. Assume that there exists a function β : [0,∞)→ [0, 1) such that, for any bounded
sequence {tn} of positive reals, β (tn)→ 1 implies tn → 0, such that

(α (x,T x)α (y,Ty)+1)d(T x,Ty) = 2β (d(x,y))d(x,y)

for all x, y ∈ X .Suppose that either
(a) T is continuous, or
(b) if {xn} is a sequence in X such that xn → x, α(xn,xn+1)≥ 1 for all n, then α(x,T x) = 1
If there exists x0 ∈ X such that α(x0, T x0)≥ 1, then T has a fixed point.

If h ( x,y,z) = xyz, F (x,y) = xy,ψ (t)= t, and F = X , in Theorem 2, we have Theo-
rem 8 of [4].

Corollary 3 Let (X ,d) be a complete metric space and T : X → X be an α-admissible
mapping. Assume that there exists a function β : [0,∞)→ [0, 1) such that, for any bounded
sequence {tn} of positive reals, β (tn)→ 1 implies tn → 0, such that

α (x,T x)α (y,Ty)d(T x,Ty) = β (d(x,y))d(x,y)

for all x, y ∈ X .Suppose that either
(a) T is continuous, or
(b) if {xn} is a sequence in X such that xn → x,α(xn,xn+1)≥ 1 for all n, then α(x,T x) = 1
If there exists x0 ∈ X such that α(x0,T x0)≥ 1, then T has a fixed point.

Example 3 Let X = [1,∞) be endowed with the usual metric d(x,y) = |x−y| for all x,y∈X
and T : X → X be defined by

T (x) =
{ x+14

8 1 ≤ x ≤ 4
x2

4 , x > 4

Define the function α,β ,ψ given by

α(x,y) =

{
1, x,y ∈ [1,4]
0, otherwise

β (t) =
1

1+ t
,ψ(t) = t

Then T is α-admissible and we obtain 1 ≤ y ≤ x ≤ 4

α (x,T x)α (y,Ty)d(T x,Ty) = d( x+14
8 , y+14

8 ) = 1
8 |x− y|

≤ β (d(x,y))ψ(d(x,y))

Hence, T satisfies all the assumptions of Theorem 2 with H(x,y,z) = xyz and f (s, t) = st
and thus it has a fixed point (which is x = 2).



Make unification on α-admissible mappings... 73

References
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