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Coupled Soft Fixed Point Theorems in Soft Metric and Soft
b- Metric Space

B. R. Wadkar, R. Bhardwaj, V. N. Mishra, B. Singh

Abstract: In the present paper, we define Coupled Soft Metric Space. In the first part, we
establish coupled soft fixed point theorem in soft metric space and in the second part of this pa-
per, we prove coupled soft coincidence fixed point theorem for mapping satisfying generalized
contractive conditions with o -monotone property in an ordered soft b-metric space.
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1 Introduction and Preliminaries

The important part of fixed point theory is Metric fixed point theory, because of its appli-
cations in different areas like variational and linear inequalities, improvement and approx-
imation theory. Ali et al. [14], Ahmadullah et al. [15], Agraval et al. ([16]-[18]) Pathak et
al. [19] and many authors (see [9]-[13]) established fixed theorems in different spaces like
Metric space, Manger space, Banach space etc. Wadkar et al. [12] proved coupled fixed
point theorems in partially ordered metric space.

A concept of soft theory as new mathematical tool for dealing with uncertainties is
discussed in 1999, by Molodtsov [6]. A collection of an approximate descriptions of an
object is a soft set and this theory has rich potential applications. On soft set theory many
structures contributed by many researchers (see [1], [4], [5], [8]). Shabir and Naz [7] were
studied about soft topological spaces. In these studies, the concept of soft point is explained
by different techniques. Recently Das and Samanta ([2, 3]) introduced concept of soft point,
a notion of soft metric space and derived some basic properties of this spaces.
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In the present paper first we prove soft coupled fixed point theorem in soft metric space
and then coupled soft coincidence fixed point theorem for mapping satisfying generalized
contractive conditions with @ monotone property in an ordered soft b-metric space. Before
going to prove our results first we define some important definitions.

Definition 1.1: Let X and E respectively be an initial inverse and a parameter sets. A
soft set over X is pair denoted by (Y, E) iff Y is a mapping such that Y : E — P(x), where
P(x) is the power set of X.

Definition 1.2: The intersection of two soft sets (Y,A) and (Z,B) over X is a soft set
denoted by (1,C) over X and is given by (Y,A)"(Z,B) = (I,C), where C = AN B and
VeeC,I(e)=Y(e)NZ(e).

Definition 1.3: The union of two soft sets (¥,A) and(Z,B) over X is the soft set (1,C),
where C =AUB and for all k € C,

Y (k), iftke A—B;
I(k) = Z(k), itke B—A;
Y(k)UZ(k), ifkeANB.

This is denoted by (Y,A)0U(Z,B) = (I,C).

Definition 1.4: For all k in A, if Y (k) = ¢ then soft set (Y,A) over X is called a null soft
set denoted by ¢.

Definition 1.5: For all k €A if Y (k) = X then (Y,A) is called an absolute soft set over X.
Definition 1.6: The difference of two soft sets (F,E) and (G, E) over X is a soft set (H,E)
over X and is denoted by (F,E)\(G,E) and is defined as H(x) = F(x)\G(x) for all x €E .
Definition 1.7: The complement soft set of (¥,A) is denoted by (Y,A) and is defined as
(Y,A)* = (Y,A), where Y : A — P(X) is a mapping given by Y°(8) =X —Y(B), for all 3.
Definition 1.8: Let R be the set of real numbers and B(R) be the collection of all nonempty
bounded subsets of R and E taken as a set of parameters. Then a mapping Y : E — B(R) is
a soft real set and it is denoted by (Y,E).

Definition 1.9: For two soft real numbers 7% and 7i the following conditions hold:

Jfor all seE ;

(s) <7(s)

2. m>nif m(s) > 7(s) for all seE ;
(s) < i(s) for all seE ;
(s) > 7i(s)

for all seE.
Definition 1.10: A soft set (P, E) over X is said to have a soft point if there is exactly one

s€E such that P(s) = x for some xeX and P(s') = ¢, foralls’'eE /{s}. It will be denoted by
%,.



Coupled Soft Fixed Point Theorems in Soft Metric and Soft b- Metric Spac 61

Definition 1.11: Two soft points %; ,j; are said to be equal if i = j and P(i) = P(j) i.e.

x=y HenceX; Ay, < x#yori#j
Definition 1.12: A mapping p : SP(X) x SP(X) — R(E)* be soft mapping on X such that:

SML. for all %, ,¥s, € X, p (%, ,¥s,) >0;

SM2. p (%,,s,) = 0 if and only if &, = Ji,;

SM3. for all %, ,¥s, € X, (Zs,,5s5,) = P Fers K ) 3

SM4. for all %y, Js,, 253 € X, P (F,5Z53) < P (Fsy,F5,) + P Fsps Zss ) -

Then the soft set X with a soft metric p on X is called a soft metric space and denoted by
(X,p,E). )

Definition 1.13: Let us consider a soft metric (X,p,E) and & be a non negative soft real
number. The soft open ball with center at X; and radius & is given by

B(%,0) = {jy € X : p(%,9y) < &} C SP(X).

and the soft closed ball with center at ¥, and radius & is given by
B(%,0) = {¥y € X : p(&,5y) < a} C SP(X).

Definition1.14: A sequence {)’Zﬁ } of soft points in soft metric space (X,p, E) is said to be

convergent in (X,p,E), if there is a soft point u €X such that p ()Eﬁ , )7“> —0asn— oo,

That is for every & > 0, chosen arbitrary, there is a natural number N = N(&) such that

0< ﬁ(fﬁn,iu)Zé , whenever n > N .

Definition1.15: Let (X , [),E) be a soft metric space. A sequence {iﬁ } of soft points in

soft metric space (X,p,E) is said to be a Cauchy sequence in X, if corresponding to ev-

ery £>0, there exist m € N such that p ()le,yj) <EVi,j>m, ie p ()Z‘)L,yi) — 0 as
i j 1 ]

i,j — oo.

Definition1.16: The soft metric space (X,p,E) is called complete, if every Cauchy se-

quence in X converges to some point of X.

Definition1.17: Let (X,p,E) be a soft metric space. A function (f,®) : (X,ﬁ,E) —

(X,p,E) is called a soft contraction mapping if there exist, a soft real number oeR,0 <

a < 1 such that for every point £, 5, €SP(X), we have

P ((f,0)(F), (f,0)(Fu)) < ap (%1,5) -
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Definition 1.18: Let ( X, <) be a partially ordered soft set. Let S: X x X — X be a self
map. One can say that S has the mixed monotone property if S(x3,y,) is monotone non-
decreasing in x and is monotone non-increasing in y,. That is for all x}“ ,xﬁz ,

xil S 'xﬁz = S(x}myli) S S(X%Q,yu) ’

for any y, € X and for all y}“ ,yiz,
Yoy = Vi =S (xa,3) > S (xa,37,)

forany x) € X.

Definition 1.19: Consider partially ordered soft set. Let (X, <) with S: X — X and o : X —
X be two mappings. We say that S has the mixed o -monotone property if S is monotone
o non-decreasing in its first argument and is monotone ¢ - non-increasing in its second
argument, ie. for all x}“ ,xﬁZEX ,

O‘xil < O‘xﬁz = S(x}u,yu) < S(xflzvyu)v

for any y, €X and for all, y}“ ,yizeX,

Oy < 0yy = S(1,y.) = S0, ¥0a)s

for any x) €X.

Definition 1.20: An element (x;,y, )€X x X is said to be a coupled fixed point of mapping
S: X = X if S(xp,yu) =x3 and S(yy,x3) = yu -

Definition 1.21: An element is called (x;,y,) € X x X is called

1. a coupled coincidence soft point of mapping S: X — X and & : X — X if S(x3,y,) =
ouxy, and S(yu,x2) = Otyy.

2. a common coupled soft fixed point of mapping S: X - X and a: X — X if x; =
oxy, = S(xp,yu) = ax; and yy, = ayu=S(yu,xz)-

Definition 1.22: For a non empty set X, the mappings S: X x X — X and @ : X — X are
said to be commutative, if for all x; ,y,€X, we have

(S (xn,yu)) = (S(oxz, otyy))-

Definition 1.23: Let X be a non empty soft set and s > 1 be a given real number. Let
P : X x X — R" be a function such that:

SBML. for all %1, 52X, P (%51, 552) >0;
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SBM2. p(isl s )752) = 07 if and only if X1 = )7.5'2;
SBM3 for all Xsl 75}‘.3'28)?7’3()25‘19[3 (xh‘ﬂ 1_)’7&2) = ij (y;s'zaxhtsl) 7
SBM4. for all s fsl’yﬂazﬁex ,13 (fsl,ZSS) < S{ﬁ (isl J’sz) + ﬁ(ﬁsz,fﬂ)}

Then soft set X with a soft metric p on X is called a soft b-metric space and denoted by
X.p.E)

2 Main Results

Let (X, <) be a partially ordered soft set and p be a soft metric on X such that (X,p,E) is
a complete soft metric space.

Consider a product (X,p,E) x (X, p, E) with the following partial order.

For all (x3,yu), (up,vu)e(X.p,E) x (X,p,E), we have

(up,vu) < (xa,yu) © X3 > up,y5 < vy

Theorem 2.1: Let ((X,p,E), <) be a partially ordered complete soft metric space. Let S be
a continuous mapping having the mixed monotone property such that for a,b,c £€[0,1) and
for all x,yu,uy, vy in (X,P,E),x; # yu , we have

~ o (xy,S(xy, o (uy,S(uy,v, O (1 ,S(xp,yu) )P (x5S (uy,v
p (S(xx,yu),S(u,l,vu)) Samax{p( 2 (k%”(l)iu(l; L ”)),p( 2 li)”(i)lpu(l; e ”))}

P (x2,8(xa,yu)) +P (x2,S(up,vy)) } (1)
+p (u,l,S(x,l,yu)) +p (M/laS(”qu)) ’

where a+ b +4c¢ < 1, then S has a coupled soft fixed point in (X,p,E).

+bﬁ(xzaux)+c{

Proof: Choose x,)) & (X.p,E) x (X,p,E) and set

1 0 .0
X1 :S(x)uyu)

and
)’Ll = S(y(/{,x%)
In general
xﬁntll =9 (xﬁn, yﬁn)
and

1
yZJr:-H = S(yzn’xﬁ,,)
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with

and
Yo > SO0.%) =y )

By iterative process above , we have x3, = S(x},,y,,;) and y5., = S(y}1,% ;)
Therefore

Xa = S0 9) =SSR y0), SO x3)) = S (50,
and
Vi = SOu1:x31) = S(SOR-3), (3, 3)) = 87 (2.
Due to the mixed monotone property of S, we obtain
xiz = Sz(xg,yz) = S(xlll aylu) > S(x(i,yﬁ)) = x/lllv
and

2 2.0 .0 1 1 0 .0 1
Yu2 = \) (y/.UXQL = S(y,uhxkl) < S(x)wyu)) =Yu1-

In general we have for neN

Gl =S (g 0l) =S (8" (13.00) 8" (0 42))

A’Il‘i’l
and
Vil =8 (30,20) =S (S (. x7) .S (5.00)) - 3)
It is obivious that
x(i SS(xg,yg) :x}ll < §? (xg,y?i) :xizg....gs’l (xg,yg):xﬁng ..... , 4)

Y 2 S (0a7) =y =S O da,) =¥l = oo = 8" (3,00) =33, > oo

Thus by mathematical induction principal, we have for neN
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Thus we have by condition (1) that
~ +1 _ = n -1 .n—1
p (’xi +1 x’i,,) - p (S (x’in’y,u'n> 7S (xﬁn_l ’yﬂn7|)>
P, S0, 80P (5 St o))
PU ’
S amax P( }‘n l)
p (x)L

nll S()‘nln’y“"»p(xln’ (xi;—ll’yzil»
p(4,,)

p (4,08 (,00,)) +0 (.8 ("‘%yﬁf))
- S (ogom)) +0 (508 (i)

n—1

Hence

Which implies that
b+2c
~ 1 = —1
(i) < 7o (L) ®
Similarly, since y/l > y;L and x" 1 < x/l , from (1) we have

b+2c _
1 = 1
O e A R B ©

Adding (5) and (6),we get
p st )+ (v i) < 122 ( )+ 2sp (v, 00
_ bt2e [ =
= ux [P (x'i . .) TP (y/wyln )]

Let us denote h = lfﬁ‘éc and p ()c;L , "“) +p (yl ,yﬁ“) by d, then, d,, < hd,_;.
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Similarly it can be proved that d,,_; < hd,_;.
Therefore

dy < hdy_y <hdy>< ....... < h'dy. (7
This implies that lim d,, = 0. Thus lim d (x’”rl x5, ) = hm d (yﬁtll,y;L ) 0.

n—yoo n—yoo
By equation (7), for each m > n and repeat the apphcatlon of triangle inequality, we obtain

that
~ ~ 1 = 1 2 = 2 3 = -1
B () < B (o )+ (a2 ) b (2 ) B ()

and

5 +1 142 2 43
p (yirﬂy%n) S p (y;{‘ 7yr)l"lﬂrl) +p < nn+l7yr)tn+2 > +p ( f ,yZnJr%) + ........ +p (yl’” I’yl )

Adding these we get
[j (xin’xa'nm) +p (yz’ 7yl > g [j (x’ll”’ ’i’tfll) +p (yz’ 7)72:}1)
+1 +1 pt2
+P (xﬁ +177 A2 ) +p (y'inJrl ’yiwz )
n+2 n+2  n+3
+p <x2.,,+27x,/{ +3> +p ( n+27yln+3) + ......
+p (x’f ! m)—i-P(yM J’yfl )

S [hn +hn+1 +hn+2 _|_hn+3 4 _‘_hmfl]do

<1 h,,do—)O asn — oo,

Therefore {X}L} and {yﬁn} are Cauchy sequences. Since (X, p,E) is complete soft metric

space. There exists x;,yy in (X,p,E) such that lim x} = x; and lgn Yi, = Yu- Thus by
n—oo ’n n—soo” 1

taking limit n — oo , in equation (4) we get

x) = limx} = ’}groloS (xﬁ;ﬂ,yﬁ;ﬂ) Shm (X;L layu,, ) = S(x,l,y“)7

n—oo ‘1

and
y#:}g&y’ —’}nnS<y“1 X ) Shm(yu i Zﬂll>:S(y#,x,1).

n—oo

Therefore x; = S (x3,yu)and y, = S (yu,x2). Thus S has coupled soft fixed point in
(X,p:E) .

In the next theorem, we prove coupled soft coincidence fixed point theorem for map-
ping satisfying generalized contractive conditions with o¢ monotone property in an ordered
soft b-metric space.
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Theorem 2.2: Let ((X,p,E),<) be a partially ordered setand p: (X,p,E) % (X,p,E) — R
be a soft-b metric defined on X with coefficient s > 1. Let a : (X,p,E) — (X,p,E) and
S:(X,p,E)x(X,p,E)— (X,p,E) be two mappings such that

ﬁ (S(xlayu)vs(l’UL)Vll)) +ij (S(y,uaxl)as(vﬂvul)) < k{ﬁ(axlaau).) +ﬁ(ayua OCV“)} 5
@)
for some k € [O, %) and for all x),yu,uy,vue(X,p,E) with ax; > auy and ay, < avy. We
further assume the following hypothesis.

. S(X xX) Ca(X);

2. a(x) is complete;

3. « is continuous and commute with S;

4. S has the mixed & - monotone property on X;

5. either S is continuous or X has the following property:

a if a non decreasing sequence {x’}ln} — x, then {xﬁn} <xp;
b if a non increasing sequence {y}, } — yu then {y} } <y.

If there exist two elements x%,yu in (X,p,E) with cho < S(Y Xy yuo) and OCyO >S(y O,xgo)

then S and o have unique a coupled soft fixed point. That is there exist a unique xle( ,P,E)
such that xy = S(xy,xy) = ax;,.

Proof: Let x;,,y,,€(X, p,E) be such that axy, < S(xy,,yu,) and oy, > S(vyesx2,)-

Since S(X x X) > a(X), we can choose x}Ll ,yLle(X,ﬁ,E) such that Otx}Ll = S(x3,5Yu,) and
oy, = S(yuo,x%) Again since S(X x X) > a(X), we can choose xi ,yiz (X,p,E) such
that Ot)c/l = S(xl , ym) and Otyu2 = S(y”l ,x;L ). Continuing this process we can construct
two sequences {x” } and {y}, } in X such that

axt =S80 ¥ ©)
and
oyl =Sy, x5 ), V. (10)

Now we will prove that for all n > 0.

+1
O‘x’)i,, < owcﬁn+l (11

AV (12)
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We shall use the mathematical law of induction.

Letn=0.

since oxy, < S(X20, V) 5 Oy > SOpgs o) and x) = S(xz0,¥p0) » OV, = SVgs X1
we have oxy, < ch}tl and oty > ocy}“. That is (11) and (12) holds for all n = 0. We as-
sume that (11) and (12) hold for some n > 0. As S has the mixed monotone property and
oxy < axﬁ:: and ay}, > ay'™ ! we get

Hnt17

oxt = SO 5 V,) < S(xt! Vi )s

Antt i1’

and

SO ,) < SO%,4,) = el

Also for the same reason we have
n+2 n+l1 _n+l n+l . n
ax}anrZ - (x}anrl 7y:u"+1 ) 2 S(xzoﬂrl 7yl“t”)

and
1 1
SO %,) < SO, ¥5,) = oy

From (9) and (10), we obtain
n—+1 < n+2

ax”nJrl - ky,+2

and
n+1 n+2
ay”:Hl Z ay.un+2

Thus by mathematical induction we conclude that (11) and (12) holds for all n > 0.
Continuing this process, one can easily verify that

1 2 1

oxy, <oy <oxg <..<awy < ax’ill < ... (13)
1 2 +1

Vg Z Oy = Oy 2 e 2 QY = QY > (14)

Now if (XK;TI , yﬁntll) = ( x’}wyﬁn)’ then S and o have coupled soft coincidence point.

So assume ()c’a’;r+ 11 , yﬁjﬁl) # (x4 ,¥y,) foralln > 0, i.e. we assume that either

1
chijﬂ =S (xﬁn yﬁn) % chﬁ”

or

+1 _
ayﬁn+l - S(yZn’xzn) ?é ay’/j'n
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Again
p (o oy’ )+ (e o) =5 (5 (| ith )5 (44,00
sltt) sl
<k P< oy ! )+l3(ayun DOV ) |
Now let
p (axﬁ oyt ) +p (o, avtl) = da,
then

which implies
dy < kdpy <Kdy_y <Kdy3 <k*dy_4 <Kdy_s...... < K'dy.

Again let m and n be two positive integer such that m > n, then we can write

p (axﬁn, ax%m) < s{p (OCx’iwaan) +p (ocxzﬂ ax’/{’m>}
<sp (ax’/{n, ax’/{;ll) +5%p (otxﬁ“1 ax;“)
+53p <ch§+22 chﬁ+3) + o
+smlp (ch:{l ! ch’fm).
Similarly
P (v, ol ) < P (i, avyrl) +57P (il i)
+5°p (a2 oyt ) 4

" (vl s oo, )

Therefore

69
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p (o), ot ) +p (@ ) < s+ Pdnir + 8710+

n

< sk™dy+ 2k dy + Sk dy +

< skdp [1+ sk + 52k + 5K + .. 4 gm0 m—n=1]

< Sk”do[l,lsk]
— 0,n — oo,

Hence {x] } and {y}, } are two Cauchy sequences in X and X is complete. Thus there exist

two soft point say x,,y, in X such that {ocxﬁn} =ax; =& and {ay] } — ayy =1 as

n — oco. Hence S is complete and so

a (axgj;l) —a (S0 n)) =S () av ).
(. S and a are commutative)

a(§) =5S(8,m).

(.- S and « are continuous)

Similarly we can show that ot(1) = S(1,&). Thus (n&) is point of coincidence for S and c.
Again let 5b holds, by (13) we get that {ctx)} } is a non decreasing sequence and o} — &
, therefore for all n. Similarly by (14), we get {Otyﬁn} is a non increasing sequence and

oxy — &, therefore aty, > 1, for all n. Then

n+1

B (a(6),S(E.m) < 5 (&), @y’ ) + ¢
= sp <a(c§),aaxj{n++ll) +sp <0€ (S(x'inyﬁn)) 75(‘5777)>

—5p (a(g),aax'm) +sp (s (a
<p (a(é), ococx’};ll) +sp (S (axﬁn,
+sp (S (ayﬁ",ocxg)) NUNS

n+1

Hence
p(a(&),S(E.m) < p (&), @y ) +sk{p (@a},,al) +p (@av),,an)} (16)
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Since o is continuous, olax; — a& and aayy, — an and hence the right hand side of
equation (16) becomes zero as n — oo. Thus a(&) =S(&,n). Similarly we can show that

a(n) =S(§,n). Again

p(ag,an)+p(an,ac)=p(S(5,n),5(n,¢))+p(5(n,5),5(5,n))
<k{p(ag,an)+p(an,af)}.
This implies
2p (g, am) < 2kp (ag,an) .
Thatis p (a&,an) <kp (a&,an). Since k = 1,5 (&, an) = 0. Thus a& = an.
Hence S(&,n) = a(5) = a(n) =5(n,%).
Finally,

P& af) <sp (&axt ) +5p (axit ol ) < sp (& 0y ) +5p (S 3%, S(Em)).

n+1

and in the same manner

p(n,am) < 5p (o) +sp (ot am) < sp (m, L) +9p (504,041, ),5(n. ) ).

Therefore
P& ag)+p(nam) <s{p (&) +p(nay)}+
+s5[p s<xz T -SEM)) 5 (S0%,.%).5(m.)) |
<o {p (et oo (nay))
+s7 [ﬁ (axl, )+p (&, a&)+p (ay; ,m)+ ﬁ(n,an)]-
Thus

(1-ks2) [p (&, &) +p (. om)] < s{p (&, a2y ) 45 (m o)) }
+s2 [ﬁ <ch:{”,§) +p ((Xy#”,n)] — 0, as n — oo.
Hence p (§,a8))=0=p(n,an)).

This implies that § = @& and 1 = an. That is ax; = S(x,,x;) = x;. This means that S
and a have a common soft fixed point.

3 Conclusion

In this paper the investigations concerning the existence and uniqueness of soft coupled
fixed point mapping in soft metric space and soft b- metric space are established.
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