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General Solutions of System of Finite Equations

D. Bankovit

Abstract: In this paper we research the system of finite equations. Wetbe consistency
condition and we determine the general solution of thisesyst
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We state the definition of general solution and reprodud@meeral solution of an equation.

Definition 1. Let E be a given non-empty set aftibe a given unary relation d&. A
formulax = g(t), whereg: E — E is a given function, represents a general solution of the

equationR(x) if and only if
(VOR(G() A (V)(R(X) = (3t)x=g(1)).

Definition 2. A formulax = g(t), whereg: E — E is a given function, represents a repro-
ductive general solution of the equatiBx) if and only if

(VHR(g()) A (VO(R() =t =g(t)).

One can prove that the last formula is equivalent to

(W) (R(t) = 0 t = g(t)).

Let Q= {qo,q1,...,0p} be a given set op+ 1 elements an = {0,1}. Define the
operationst, - andx in the following way:

+]0 1 |0 1 LIt x—y
00 1 0j0 O xy:{ ’ .
1 ‘ 1 1 l‘ 0 1 0, otherwise (x,y € QU{0,1}).
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Assuming that
(e {0,1}UQ)(X+0=xA0+Xx=XAX-0=0AX-1=XA1-X=X)
S. PresSic considered, in [2], the followixg-equation, called finite equation,
ag- xP+ay - x4 4ay-xP =0, 1)

whereg; € {0,1}, x € Q. It is obvious that an elemeq is a solution of (1) if and only if

a = 0. Equation (1) is consistent (has a solution) if and onlggifa; - --an = 0. PreSic

described all the reproductive general solutions of (1).thie paper [1] all the general
solutions of (1) were described. More results of finite eiqustcan be found in [4].

Theorem 1 ([1]) If equation (1) is consistent, then a formula=¢A(t) represents a general
solution of (1) if and only if &) is of the form

p
Alt) = %(ai,oqik,o + 80080 Gy + BiioBic1 8, G + -~ + BBy -8l 5
T Qi e aiokp_lqik,p—l + Qi o Qg " 'aik7p_1Qik7p)tqk 2
where
(iko,ik1,---,ikp) are permutations of {0,1,..., p}
and
(i0,0,11,0,---,ipo) is a permutation of {0,1,...,p}.

If (io0,i1,---,ip0) =(0,1,..., p) then the solution (2) is reproductive.
Now we consider the system of PreSic's equations

aox®+a X+ +a qup =0
Nag ox® +ap 1 X + -+ ap X =0 (3)

NamoX® + am1X* + - - + 8m px¥ = 0.

It is obvious that an elemen is a solution of system (3) ifand only & ; =axi =... =
Amj = 0.

Theorem 2 Sistem (3) is consistent (has a solution) if and only if
I_lip:O(aLi +---+amj) =0.

Proof. Let system (3) be consistent and let, for instangehe a solution of (3). Then
aij =agj =---am; =0, which impliesay j +a; + - -- +am;j = 0. Therefore (4). Conversly,
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let (4) hold. Then there i§ such thata; j +azj +--- +amj = 0. Last equality implies
apj=apj=---=am;=0i.e.q;is asolution of (3)A

Let us write the system (3) in the forfy (X) A - - - A Eqn(X).

Definition 3. A formulax = g(t), whereg: Q — Qis a given function, represents a general
solution of the system (3) if and only if

(V) (Er(¥) A+ AEm(X)) A (VX) (E1(X) A -+ AEm(X) = (3t)x = g(t)).

Definition 4. A formulax = g(t), whereg: Q — Q is a given function, represents a repro-
ductive general solution of the system (3) if and only if

(VO (EL(X) A+ AEm(X)) A () (Eo(t) A~ AEm(t)) = t = g(t)).

Theorem 3 If system (3) is consistent, then a formula=XG(t) represents a general solu-
tion of (3) if G(t) is of the form

p

G(t) = % (a?,ik‘o e 'af(')n,ik‘o Qixo + (al,ik,o +eet am-,ik.o) ag,im T af(')n,ik‘l i1
K=

0 0
+ (ale,o +ot amik,o)(ale,l +oet amyik,l) Ao Bmi Uiz
+ ot (ale,o +oeet %7ik,0)(a17ik,l +et aka,l) T

(a'17ik,p—1 +- am7ik,p—1) a-l,ikﬁp ce am7ik,p1 Qik,p) tqk7 (4)
where
(iko,ik1,---,ikp) are permutations of {0,1,..., p} (5)
and
(i0,0,11,0,---,ipo) is a permutation of {0,1,...,p}. (6)
If the condition
(i0,0,i1,0,---,ip0o) = (0,1,...,p) (7)

is fulfilled then formula x= G(t) represents reproductive general solution.

Proof. Suppose thaG(t) is of the form (5). Lett = g« for somek € {0,1,...,p} and
(A, »--->ami,, ) be the first element of the sequence

(Ao + -+ 8mio), (AL, + -+ 8mia)s -5 @iy + -+ Bmiy )
such that

(a‘Lik,O +et aka,o) = (ale,l +eeet amyik,l) == (ale,r—l +eet aka,r—l) =1
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andag,, +...+amj, = 0. There is such element because of (4) and (6). Now formula
x = G(t) gives

X = 0+ (0+ (aLio+ -+ 8mig) -804y, = mi, - Gir +0)GK + O

= (1'qik,r) 1: qik,r'
Sinceay,, + ... +amj,, =0i.e.aj, = ... = amj,, = 0,0, is asolution of (3).
Let g satisfy (3). Themaj =--- =anj = 0. In accordance with (6), there ssc
{0,1,...,p} such thaisp = i. If we taket = g, formula (5) gives
Gt) = (ag,ik,oag,iso <@ Ciso

0 0 0 s
+ (a17i30 + e + a’”",iso)al,ik’aniso e a-mJSo + . ) g
= (1-g,,+0)-1=q.

Suppose that the condition (8) is fulfilled. Then
Qio,=ak (J=1,....mk=0,1,...,p)
and
qikro:qk (|:07177p)
Let g, be a solution of (3). If we take that= g, then
G(tu) =0+ (88 y---amutu + ---)adt +0.
Sinceqy is a solution of (3), we havey , = - - - = amy = 0. Therefore

G(qu) =(1-qu+0)-1=qu. u

Example. Let us solve the system of equations
axUbX =0AcxUudX =0Aexu fX =0. (8)

in Boolean algebr®, = ({0,1},n,U,”) (more facts on Boolean equations can be found in
[3]). If we takex? = X, x! = x and(-,V) = (N,U) we can remark that (9) is a system of
PreSic’s equations. The consistency conditiofais cUe)(buduU f) = 0. Using formula

(5) we get

gt) = (1(0) f3(0) f5(0) 0L (f1(0) U F2(0) U f3(0)) f1 (1) F5(1) f3(1) 1)t°
U((f1(2) f3(1) f3(1) LU (fa(D) U F2(2) U F3(2)) F1(0) f3(0) f4(0) O)t*
= (bvdv f)(aucUe)t’u(aucue)t.

Implication pq= 0= p'q= q and consistency conditiofaucUe)(buduU f) =0 gives
(budu f)(aUcUe) =buduU f. In accordance with Theorem 3, formula

x=(budu f)t'U(aucue)’t

represents the reproductive general solution of the syfgm
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