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General Solutions of System of Finite Equations

D. Banković

Abstract: In this paper we research the system of finite equations. We give the consistency
condition and we determine the general solution of this system.
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We state the definition of general solution and reproductivegeneral solution of an equation.

Definition 1. Let E be a given non-empty set andR be a given unary relation ofE. A
formulax= g(t), whereg : E → E is a given function, represents a general solution of the
equationR(x) if and only if

(∀t)R(g(t))∧ (∀x)(R(x)⇒ (∃t)x= g(t)).

Definition 2. A formula x= g(t), whereg : E → E is a given function, represents a repro-
ductive general solution of the equationR(x) if and only if

(∀t)R(g(t))∧ (∀t)(R(t)⇒ t = g(t)).

One can prove that the last formula is equivalent to

(∀t)(R(t) = 0⇔ t = g(t)).

Let Q= {q0,q1, . . . ,qp} be a given set ofp+ 1 elements andM = {0,1}. Define the
operations+, · andxy in the following way:

+ 0 1
0 0 1
1 1 1

· 0 1
0 0 0
1 0 1

xy =

{

1, if x= y
0, otherwise (x,y∈ Q∪{0,1}).
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Assuming that

(∀x∈ {0,1}∪Q)(x+0= x ∧ 0+x= x∧ x·0= 0∧ x·1= x ∧ 1·x= x)

S. Prešić considered, in [2], the followingx−equation, called finite equation,

a0 ·x
q0 +a1 ·x

q1 + · · ·+ap ·x
qp = 0, (1)

whereai ∈ {0,1}, x∈ Q. It is obvious that an elementqi is a solution of (1) if and only if
ai = 0. Equation (1) is consistent (has a solution) if and only ifa0 ·a1 · · ·am = 0. Prešić
described all the reproductive general solutions of (1). Inthe paper [1] all the general
solutions of (1) were described. More results of finite equations can be found in [4].

Theorem 1 ([1]) If equation (1) is consistent, then a formula x= A(t) represents a general
solution of (1) if and only if A(t) is of the form

A(t) =
p

∑
k=0

(a0
ik,0qik,0 +aik,0a

0
ik,1qik,1 +aik,0aik,1a

0
ik,2qik,2 + · · ·+aik,0aik,1 · · ·a

0
ik,p−2

qik,p−2

+ aik,0aik,1 · · ·a
0
ik,p−1

qik,p−1 +aik,0aik,1 · · ·aik,p−1qik,p)t
qk (2)

where
(ik,0, ik,1, . . . , ik,p) are permutations of {0,1, . . . , p}

and
(i0,0, i1,0, . . . , ip,0) is a permutation of {0,1, . . . , p}.

If (i0,0, i1,, . . . , ip,0) = (0,1, . . . , p) then the solution (2) is reproductive.

Now we consider the system ofm Prešić’s equations

a1,0xq0 +a1,1xq1 + · · ·+a1,pxqp = 0

∧a2,0xq0 +a2,1xq1 + · · ·+a2,pxqp = 0 (3)
...

∧am,0xq0 +am,1xq1 + · · ·+am,pxqp = 0.

It is obvious that an elementqi is a solution of system (3) if and only ifa1,i = a2,i = . . . =
am,i = 0.

Theorem 2 Sistem (3) is consistent (has a solution) if and only if

∏p
i=0(a1,i + · · ·+am,i) = 0.

Proof. Let system (3) be consistent and let, for instance,qi be a solution of (3). Then
a1,i = a2,i = · · ·am,i = 0, which impliesa1,i +a2,i + · · ·+am,i = 0. Therefore (4). Conversly,
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let (4) hold. Then there isj such thata1, j + a2, j + · · ·+ am, j = 0. Last equality implies
a1, j = a2, j = · · ·= am, j = 0 i.e. q j is a solution of (3).�

Let us write the system (3) in the formE1(x)∧ ·· ·∧Em(x).

Definition 3. A formulax= g(t), whereg : Q→ Q is a given function, represents a general
solution of the system (3) if and only if

(∀t)(E1(x)∧ ·· ·∧Em(x))∧ (∀x)(E1(x)∧ ·· · ∧Em(x)⇒ (∃t)x= g(t)).

Definition 4. A formula x= g(t), whereg : Q→ Q is a given function, represents a repro-
ductive general solution of the system (3) if and only if

(∀t)(E1(x)∧ ·· · ∧Em(x))∧ (∀t)(E1(t)∧ ·· ·∧Em(t))⇒ t = g(t)).

Theorem 3 If system (3) is consistent, then a formula x= G(t) represents a general solu-
tion of (3) if G(t) is of the form

G(t) =
p

∑
k=0

(

a0
1,ik,0 · · ·a

0
m,ik,0 qik,0 +(a1,ik,0 + · · ·+am,ik,0)a0

1,ik,1 · · ·a
0
m,ik,1 qik,1

+ (a1,ik,0 + · · ·+am,ik,0)(a1,ik,1 + · · ·+am,ik,1)a0
1,ik,2 · · ·a

0
m,ik,2qik,2

+ · · ·+(a1,ik,0 + · · ·+am,ik,0)(a1,ik,1 + · · ·+am,ik,1) · · ·

(a1,ik,p−1 + · · ·+am,ik,p−1)a1,ik,p · · ·am,ik,p1 qik,p

)

tqk
, (4)

where
(ik,0, ik,1, . . . , ik,p) are permutations of {0,1, . . . , p} (5)

and
(i0,0, i1,0, . . . , ip,0) is a permutation of {0,1, . . . , p}. (6)

If the condition

(i0,0, i1,0, . . . , ip,0) = (0,1, . . . , p) (7)

is fulfilled then formula x= G(t) represents reproductive general solution.

Proof. Suppose thatG(t) is of the form (5). Lett = qk for somek ∈ {0,1, . . . , p} and
(a1,ik,r , . . . ,am,ik,r ) be the first element of the sequence

(a1,ik,0 + · · ·+am,ik,0),(a1,ik,1 + · · ·+am,ik,1), . . . ,(a1,ik,p + · · ·+am,ik,p)

such that

(a1,ik,0 + · · ·+am,ik,0) = (a1,ik,1 + · · ·+am,ik,1) = · · ·= (a1,ik,r−1 + · · ·+am,ik,r−1) = 1
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anda1,ik,r + . . .+ am,ik,r = 0. There is such element because of (4) and (6). Now formula
x= G(t) gives

x = 0 + (0+(a1,ik,0 + · · ·+am,ik,0) · · ·a
0
1,ik,r · · ·a

0
m,ik,r ·qik,r +0)qqk

k + 0

= (1·qik,r ) ·1= qik,r .

Sincea1,ik,r + . . .+am,ik,r = 0 i.e. a1,ik,r = . . .= am,ik,r = 0, qik,r is a solution of (3).
Let qi satisfy (3). Thena1,i = · · · = am,i = 0. In accordance with (6), there iss∈

{0,1, . . . , p} such thatis,0 = i. If we taket = qs, formula (5) gives

G(t) = (a0
1,ik,0a

0
2,is,0 · · ·a

0
m,is,0 ·qis,0

+ (a1,is,0 + · · ·+am,is,0)a
0
1,ik,0a

0
2,is,0 · · ·a

0
m,is,0 + · · ·)qqs

s
= (1·qis,0 +0) ·1= qi .

Suppose that the condition (8) is fulfilled. Then

a j,ik,0 = a j,k ( j = 1, . . . ,m; k= 0,1, . . . , p)

and
qik,0 = qk (i = 0,1, . . . , p).

Let qu be a solution of (3). If we take thatt = qu then

G(qu) = 0+ (a0
1,u · · ·a

0
m,uqu + · · ·)qqu

u +0.

Sincequ is a solution of (3), we havea1,u = · · ·= am,u = 0. Therefore

G(qu) = (1·qu+0) ·1= qu. �

Example. Let us solve the system of equations

ax∪bx′ = 0∧cx∪dx′ = 0∧ex∪ f x′ = 0. (8)

in Boolean algebraB2 = ({0,1},∩,∪,′ ) (more facts on Boolean equations can be found in
[3]). If we takex0 = x′, x1 = x and(·,∨) = (∩,∪) we can remark that (9) is a system of
Prešić’s equations. The consistency condition is(a∪ c∪e)(b∪d∪ f ) = 0. Using formula
(5) we get

g(t) = ( f ′1(0) f ′2(0) f ′3(0)0∪ ( f1(0)∪ f2(0)∪ f3(0)) f ′1(1) f ′2(1) f ′3(1)1)t0

∪(( f ′1(1) f ′2(1) f ′3(1)1∪ ( f1(1)∪ f2(1)∪ f3(1)) f ′1(0) f ′2(0) f ′3(0)0)t1

= (b∨d∨ f )(a∪c∪e)′t ′∪ (a∪c∪e)′t.

Implication pq= 0 ⇒ p′q= q and consistency condition(a∪ c∪ e)(b∪ d∪ f ) = 0 gives
(b∪d∪ f )(a∪c∪e)′ = b∪d∪ f . In accordance with Theorem 3, formula

x= (b∪d∪ f ) t ′∪ (a∪c∪e) ′t

represents the reproductive general solution of the system(9).
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