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New Proofs of Some Discrete Inequalities of Wirtinger’s type

I. Z. Milovanovié, E. I. Milovanovié, D. C. Doli¢anin, T. Z. Mirkovié

Abstract: A new approach in proving some well known inequalities of Wirtinger’ s type is
presented in this paper. Proofs are short, elegant and based on one class of inequalities for real
numbers
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1 Introduction

Let xq,x1,...,, 0t,00,... and B, B, ... are positive real numbers, whereby oy - B; > 0, for
each k € N. A classic inequality (for these numbers )

2
,/g:xki,/gixkl >0 (1)

holds for these numbers if and only if
oxx & Brxe—1 = 0. 2

We will show that by appropriate choice of real numbers x;, 0y and f in accordance
with inequality (1), some discrete inequalities of Wirtinger’s, i.e. Opial’s type can be de-
rived (see for example [7]). Let us note that these inequalities play an important role in
many scientific and technical areas, such as Theory of differential and difference equations
[1], Matrix theory [2], Geometry [10], etc.
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2 Main result

Case a)
Let xg,x1,...,X,+1 are arbitrary real numbers with property xo = x,4+1 = 0. Having in
mind inequality (1) we have that

06k+1 O‘kﬂ

If we substitute o and f in the above inequality with oy = sin(k — 1)7 and By = sinkt, it

becomes
n—1

n n
—costh,% < ZXka+l < costh,%. 3)
k=1 k=1 k=1
Since for each k,k € N, must be oy B > 0, parameter ¢ has to satisfy the inequality 0 <z < Z
Therefore we can take t = % Now, inequality (3) becomes

n n—1 n
2 i 2
—COos Z x;p < Z XpXpr1 < cos Z Xis @
n+ 1= k=1 n+ 1=
Equality on the left (right) side of inequality (4) holds if and only if x; = C- (—1)*"Tsin %,

(xx =C-sin; T 1) for k=1,2,...,n while C > 0 is an arbitrary constant.

Inequality (4) is dlscrete mequality of Opial’s type and was proved in[7]. Left side of
inequality (4) in a form of discrete inequality of Wirtinger’s type was proved in [6], and
right side in [4]. Let us note that proof of inequality (4) given in this proposal is simpler
then those given in [4, 6, 7].

Case b)
Let xp,x1,...,x, are arbitrary real numbers with property xo = 0. Then, according to (1)
we have that
2nzlxkxk q > i ( ﬁk-‘rl ) + Bn+l x2 (5)
- " k=1 Br  Oy1 i Ot "
and
o) Z XjXt 1 < Z < ﬁk—H ) x,% . ﬁnﬂx,%. (6)
Br i1 Ot 1

If in inequality (5) o and B are substituted by o = sin(2k —2)¢ and f; = sin2kt, then
it becomes

n—1 n
2 ZXka+1 > —2cos2t Zx,% —
k=1 k=1
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T

Since parameter ¢ has to satisfy 0 <1 < J-, we take t = Now, the above inequality

2nt1°
becomes
n—1 2 n 5 5
2k§‘lxkxk+1 > —2cos 1 1§1Xk —X;,.
ie.
Y )2 2(1 2 )Z 2 Q)
Xk—1 —Xk)" < +cos X
k=1 n+1) =

Equality in (7) holds if and only if x; = C- (—1)*"'sin %, k =1,2,...,n where C > O is
an arbitrary constant. The inequality (7) was proved in [6] (see also [15]).

If in inequality (6) we take oy = cos(k — 1) and fB; = coskt, it becomes

n—1

n
Zxkxk+1 < 2cost Zx,% +x,%.

k=1 k=1
Since parameter ¢ has to satisfy 0 <t < 7., we take t = ﬁ Now, the above inequality
becomes
n—1 T n ) )
2 ) xpxpy1 < 2cos X+ X,
L S g
ie.
n ) T n ’
Xy —Xp—1)">2| 1—cos Xx. 8
Yinna =2 (1-en ) 30 ®)

Equality in inequality (8) holds if and only if x; = C - sin 22‘%, k=1,2,...,n where C >0
is an arbitrary constant.
Inequality (8) was proved in [4]) in a more complicated manner.

Case c)
Let xo,x1,...,x, are arbitrary real numbers with property xo = x, = 0. Then, according
to (1) we have that
(0 5 PBros -
Z — X+ —x_ ] >2 Z XXg—1.
=1 \ B Ok k=1

If we replace o and B with oy = sinks and B = sin(k + 1)z, the above inequality becomes

(sin 2t sin(n+ 2)t>

sint (n+1)t

n
x(z) > 2 Z XieXk—1- (9)
k=1

n
2cost Zx,% +
k=1

By imposing the condition
sin2¢t  sin(n+2)r 0
sint  sin(n+1)r
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we obtain that 1 = Z. Now inequality (9) becomes

-
T n 2 n
cos— Yy x; > XpXi—1 (10)

The inequality (10) has application in geometry, i.e. with convex polygons (see for
example [3, 5,9, 11, 12, 13, 14]. Namely if in (10) we perform the following substitutions
with x; := x; cos 6} and x; := x; sin Oy, 6y = O, and then sum up the obtained inequalities,
we obtain . )

cos i Z x% > Zxkxk,l cos(0p — O—1)-
=1 k=1
After performing substitutions 6 — 0x—1 = Y—1, fork=1,2,...,n—1, and 6, — 0,_1 =
Y:—1 — 7, the above inequality transforms into

T o
cos— Y x; >

where Y+ 71 + ...+ ¥%—1 = &. The inequality (11) has been proved in [11].

n
Y xixiicosyi i, (1)
k=1
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